In this contribution the exact exchange potential v x of density functional theory is examined for slabs such as graphene, for which one has a Bravais lattice in the x-y directions, while the electrons are confined to the finite region −L z L in the z direction. It is demonstrated analytically that the exact v x behaves as −e 2 /z for z L. This result extends the corresponding statement of Horowitz, Proetto, and Rigamonti [Phys. Rev. Lett. 97, 026802 (2006)] for jellium slabs to slabs with arbitrary periodic density distributions. Application of the exact exchange to a Si(111) slab (within the Krieger-Li-Iafrate approximation) indicates that the corrugation of the exact v x is more pronounced than that of the local density approximation for v x .
During recent years the exchange-correlation potential at surfaces has attracted substantial interest [1] [2] [3] [4] [5] [6] [7] (for older work see [8] [9] [10] [11] ). In particular, the exact exchange (EXX) potential v x and the corresponding energy per particle x were studied for both jellium slabs and semi-infinite jellium. It has been shown [1] that the exact v x (z) of jellium slabs, for which the electrons are confined to the region −L < z < L, behaves as −e 2 /z for z L [for a detailed discussion of the complete exchangecorrelation potential and its relation to the classical image potential −1/(4z) see Ref. [5] ]. Consistent with the physical origin of this result, the exact x (z) falls off as −e 2 /(2z) [2] . By contrast, these quantities decay as [3, 4, 11] in the case of semi-infinite jellium. Here α is given in terms of the work function W and Fermi energy F of semi-infinite jellium as α 2 = F /W and k F denotes the Fermi wave vector of the three-dimensional (3D) electron gas with the same uniform jellium/electron density n 0 , k F = (3π 2 n 0 ) 1/3 . For slabs of thickness L much larger than the Fermi wavelength the semi-infinite behavior is expected to dominate close to the surface, while ultimately for z L the slab behavior should come through [3] . So far, however, it is not fully clear how the slab result for v x is reconciled with the semi-infinite form for increasing slab thickness: while the asymptotic behavior for slabs originates from the Slater component in the exact v x , the asymptotically dominant term for semi-infinite jellium [4] results from the non-Slater contributions to v x , obtained by rigorous evaluation of v x = δE x /δn via the optimized potential method (OPM) integral equation [12] .
Obviously, one would like to extend these results to non-jellium-like slabs (such as free-standing graphene) and semi-infinite matter. A first step in this direction has been taken in Ref. [7] , where the EXX energy density e x has been examined for non-jellium-like slabs. It has been shown that the EXX energy density of a slab, for which the Kohn-Sham (KS) potential is periodic in the x-y directions (but not fully translationally invariant), asymptotically falls off as
where n(r) is the electron density [e x (r) = n(r)ε x (r)]. In the present work the exact v x is examined for this more general slab geometry. It is proven analytically that the exact v x decays like −e 2 /z also in the general situation. This result applies to both metallic and insulating slabs. In addition, the corrugation of v x in the vacuum region is analyzed within the Krieger-Li-Iafrate (KLI) approximation [13] for the OPM. It turns out that the EXX leads to a modulation of v x which is not present in the local density approximation (LDA) [14] .
Consider a total KS potential v s which is periodic in the x-y directions, while it confines the electrons to the finite
Here r = (x,y) and G denotes the vectors of the 2D reciprocal lattice in the x-y directions. The corresponding KS states can be written as
where k is the crystal momentum in the 2D first Brillouin zone (1 BZ) and A is the area of the 2D unit cell. The normalization is chosen so that φ kα integrates up to 1 for a single unit cell,
The coefficients c kα satisfy the KS equations on the reciprocal lattice,
The confining potential is assumed to vanish far from the slab,
The same holds for z → −∞, if the two surfaces of the slab are equivalent. If not, i.e., if opposing surface charges build up at the two surfaces, v s approaches a constant different from zero for z → −∞. In both situations, however, all solutions of (5) which are occupied in the KS ground state correspond to negative kα . Moreover, for asymptotically large z Eq. (5) reduces to
so that one finds for the normalizable solutions
The most weakly decaying term of the expansion (2) is thus obtained for G = 0; all other terms are exponentially suppressed relative to c kα (0,z). As a result, for large z the KS states are functions of z only; all corrugation effects vanish in this limit. The total density of the slab (assumed to be spin saturated for brevity-all arguments can be directly extended to collinear spin-density functional theory) is given by
where kα denotes the occupation of the band α at the k-point k. This occupation is equal to 1 for all states below the Fermi energy F as well as, depending on k and the symmetry of the Bravais lattice, for one or several states right at F , kα = F .
The occupation vanishes for all other states with kα F . In fact, in most cases one simply has kα = ( F − kα ).
Utilizing Eq. (8), the asymptotic density reduces to
The k-point sampling in Eq. (10) is often dominated by a single k point (and its immediate vicinity). This fact is illustrated in Fig. 1 , which shows k 2 − 2m kα for the highest occupied band of graphene. Figure 1 indicates that the exponent [k 2 − 2m kα ] 1/2 of Eq. (8) (for G = 0) is usually minimized by the point, since k 2 varies more strongly with k than kα . In addition, only the highest occupied bands are usually relevant for the right-hand side of Eq. (10). However, one might have several degenerate bands or a very dense spectrum at the minimizing k point (in particular, at the point).
In order to evaluate the asymptotic v x one has to consider the variation of the exchange energy with the asymptotic density. In view of Eq. (10) [13] (for all technical details see [7] ). Now consider the exchange energy per surface area,
Insertion of (2) and use of the 2D Fourier transform of the Coulomb interaction yields
Variation of the asymptotically dominant coefficients c kα (0,z) by δc kα (0,z) then leads to
Since we are interested in the asymptotic v x , the coefficients δc kα (0,z) are nonzero only for z much larger than the extension L of the slab. The exponential localization of the Bloch coefficients c kα (G,z ) therefore allows one to neglect the z dependence of exp(−|k − k + G||z − z |). In addition, only the term G = 0 survives for large z,
In view of the exponential decay of e −|k−k |z and the integrable singularity of 1/|k − k | only the immediate neighborhood of k = k is relevant for large z. One can thus replace k by k elsewhere in the integrand, i.e., restrict to the leading term of the expansion of these quantities about k (due to the factor e −|k−k |z all terms of this expansion are convergent for large z). As a result, one can use the orthonormality relation (4) to arrive at
. At this point, one can finally perform the k integration and identify the variation of the density, Eq. (11),
to arrive at the result
We just remark that this result can also be obtained by direct functional differentiation of E x with respect to the asymptotic density (10) following Ref. [15] , as long as one assumes a nondegenerate highest occupied band and relies on a discrete k-point sampling. Moreover, the arguments used here can also be applied to prove the (well-established) asymptotic −1/r behavior of the exchange potential of finite systems.
The asymptotically leading contribution to v x only dominates if the extension of the slab is small compared to z. An idea of the shape of v x closer to the surface can so far only be obtained numerically. First EXX results for non-jellium-like slabs have been presented in Ref. [7] . These calculations were based on the plane-wave pseudopotential (PWPP) approach [16] and a periodic repetition of the supercell containing the slab. EXX-PWPP calculations for periodically repeated slabs are, however, computationally extremely demanding, since the exact EXX potential has to be calculated by solution of the OPM integral equation on the reciprocal lattice [17] . The kernel of this integral equation is the KS response function, whose determination involves the complete KS spectrum provided by the plane-wave cutoff energy E cut . Extremely large values for E cut are required for a clean representation of the −1/z decay of the exact v x in the case of large slab separation.
For that reason most EXX results of Ref. [7] were based on the KLI approximation [13] for the OPM. The 
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KLI exchange potential is asymptotically dominated by the ratio 2e x (r)/n(r), which was proven to decay like −1/z in Ref. [7] . Moreover, good agreement between KLI and full OPM results was found for moderate slab separation [18] .
For an illustration of the exchange potential at the surface of slabs the EXX/KLI approach is here applied to a Si(111) slab consisting of a single bilayer (often referred to as silicene-for this conceptual study the relaxation of the atomic positions from the bulk positions has, however, been ignored-for all computational details see Ref. [7] ). The resulting EXX/KLI exchange potential, averaged over the x-y directions, is compared with the exchange potential obtained by the LDA in Fig. 2 . In spite of the fact that the EXX/KLI potential has to have a vanishing derivative in the middle of the vacuum region between the repeated slabs, its −1/z behavior in the intermediate region is clearly visible. A more detailed comparison of the EXX/KLI and LDA potentials is given in Fig. 3 , which shows the difference between the two potentials in the y-z plane. One observes a more pronounced corrugation in the case of the EXX/KLI potential (the LDA potential is completely flat for z > 10 bohrs). While the general reliability of the KLI approximation remains to be confirmed, this result indicates limitations of the LDA in the description of surfaces.
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